We show experimentally that the positional uncertainty in long-term images of a microparticle in a Paul trap in air can be reduced to the optical limit, and below the pseudopotential limit. For this damped system, far below any Mathieu instability, the particle's thermally induced positional noise is extremely sensitive to the phase of the driving field. Accumulating images strobed at the proper phase produces a long-term optical image which is essentially free of thermally induced positional noise. Although noise squeezing theory does not apply at such large dissipation, our results may be understood through recent theory of the Brownian parametric oscillator. Use of this theory coupled with our observations suggests that the extreme reduction in spatial variance observed by using our technique results from working in a low Reynolds number regime. 0 1995 American Institute of INTRODUCTION
INTRODUCTION
The Paul trap, which has proven so successful for the confinement of atomic ion@ in vacuum, is becoming an important tool in the study of the photophysics and chemical physics of charged microparticles at atmospheric pressure.3,4 Infrared,5 fluorescence,6 and Raman spectroscopies of such microparticles have been demonstrated. An added dimension is afforded to the experimenter by performing spatially resolved spectroscopy.s In a previous paper in this journal9 it was found that the positional noise caused by molecular collisions severely compromises long-term imaging by increasing the variance in the position of the particle's center of mass well beyond the optical wavelength and predictions of pseudopotential theory. ' Here as in a recent conference presentation" we show that the thermally induced noise, far from any Mathieu instability, has an extreme phase dependent character. This phase dependence allows 'essentially noise-free optical images to be obtained by accumuIating strobed images at a constant phase. The phase space conserving concepts of noise squeezing theory do not apply at such a large dissipation, but our results may be understood through recent theory" of the Brownian parametric oscillator.r2
To our knowledge, the current research represents the first example of the elimination of thermal noise in long-term optical images of a Brownian particle. This advance paves the way for an aerosol particle microscope with resolution limited solely by optics. The associated microscopy provides a means for visualizing droplet effects such as QED enhanced spontaneous emission ' and QED enhanced intermolecular energy transfer. l3 Zn what follows we (1) describe our experimental setup, (2) present experiments which demonstrate the reduction in positional noise in long-term images of an isolated aerosol ")Microparticle Photophysics Laboratory (MP3L). b)Electronic mail: amold@photon.poly.edu ck.hooI of Chemical and Material Sciences.
particle, and (3) introduce a model for understanding our results.
EXPERIMENTAL SETUP
Experiments were carried out at 294.0 K and 1 atm N2 in the modified Paul trap' (also known as the electrodynamic levitator trap, ELT) shown in Fig. 1 (za=4.5 mm, o=2+n-X60 Hz). in addition to the harmonic potential V,, cos(ot) applied to the torus, which generates an oscillating quadrupole potential, a static potential difference V,, is applied between the end caps to facilitate levitation. Beyond this modification small electrodes have been implanted within the torus on the mirror plane (x-y) and electrified appropriately (e.g., the y electrode at potential Vy in Fig. 1 ) in order to cancel lateral static stray fields. ' Particles were generated from a monodispersed polystyrene hydrosol (nominal radius a =3 E.L~). Individual particles were injected into the trap by emitting small volumes of the hydrosol'4 from the orifice of a picoliter on-demand jet." By inductively charging a host liquid drop as it was emitted, a dried particle was trapped with charge q=wlE, where w is the particle weight and E=0.7 1 VdJ2z0?
The particle was illuminated along the y axis (i.e., horizontally) by a vertically polarized beam from a semiconductor laser (635 nm). The laser was either periodically modulated at a constant phase relative to the trap drive potential, or driven continuously. The modulation consisted of a 2 ms wide square pulse which was delayed at its center relative to the drive by an additional phase 4.
The particle was viewed and electronically imaged from above with a microscope focused on the midplane (i.e., z=O). The microscope utilized a high resolution (N.A.=0.4) long working distance objective (10 mm). Imaging was performed with an integrating CCD camera. Figure 2 shows recorded images of a negatively charged particle illuminated by either a continuous laser beam, or modulated laser beam with various phase delays, 4. Images are recorded at V,, and V,, equal to 1779 and 1.09 V, respectively. The image of a nonabsorbing spherical particle at 90" with respect to the incident dir;ection shows two principal patches of light known as "glare spots."16 For an incident beam polarized in the scattering plane, one spot on the far side of the particle overwhelms the other on the near side. For a stationary polystyrene particle with a=3 pm, the size of these spots is limited by the optical resolution of the microscope, 0.55 ,um. ' Figure 2(a) shows an image of a particle for an exposure of 50 s in continuous illumination. The standard deviation, based on a Gaussian profile, computed from this "blur" image is 1.6 pm. Figure 2 (b) shows another 50 s exposure of the particle illumiriated with modulated light using a phase delay +=0.3 1 r. The computed standard deviation of this image is 2.9 pm. What appears to be fringes in Fig. 2 modulated light using a phase delay c$=--0.3771: The computed standard deviation of this third image is 0.55 pm, the optical resolution of the imaging system. This remarkable result shows that the influence of thermal fluctuation on the long-term imaging of a particle in a Paul trap can be eliminated using a modulated laser beam with proper phase delay with respect to the drive. We term our method for obtaining this image "squeezed-imaging" because we take advantage of the distinct phase dependence of the positional variance in order to increase the image quality well beyond images taken under long-term continuous illumination. We recorded a series of 50 s exposures of a negatively charged particle illuminated by the modulated laser beam with various phase delays C#J. Each of these images was taken with V,, and V,, equal to 1767 and 0.89 V, respectively. In Fig. 3 we plot the standard deviation in the y coordinate 0; computed from these images versus the phase delay 4. Figure 3 shows that uY is at minimum for r$=-0.51~ and increases with (p until it reaches its maximum at +=O.~CT, and then decreases with 4. As one can see, CJ-,, appears to approach another minimum at 4=1.571, although data is not available at that phase delay due to the limitation of our experimental apparatus.
EXPERIMENTAL RESULTS
The origin of our images in Fig. 2 is not due to the strobing of a periodic deterministic orbit. No such orbit is .seen visually nor is ifi expected based on deterministic dynamics. The large dissipation associated with the motion of a microparticle at atmospheric pressure, well within a region of stability,17 causes deterministic orbits to decay exponentially. ' In fact, for the conditions in Fig. 2 , the characteristic time for decay is computed to be less than one thousandth of our 50 s exposure time. Deterministically the particle should rapidly settle to the origin and cease to move.
COMPARISON WITH THEORY OF BROWNIAN PARAMETRIC OSCILLATOR
We will assume that hydrodynamic memory effectsI may be neglected and consider a Langevin equation in which the drag force is Stokesian,g m d2rldt2+f drldt-qE,,=R(t), (1) where m is the particle mass, y is its charge, E, is the time varying electric field, R is the random force associated with molecular collisions, and f is the Stokes drag coefficient, f = 6rr77a, where v is the viscosity and a is the particle radius. Considering the precise form of the oscillating quadrupole potential in the trap, @,(r,t)= V,,[ l/2--(2z2-x2-y2)/4zi]cos ot, the corresponding electric field is
and Eq. (1) may therefore be written as three independent equations associated with motion along the x, y, or z direction. Since we view along the z axis, an axis of rotational symmetry for the current experiments, a description of the physics associated with the images in Fig. 2 should be obtained from calculations along x or y. Projecting Eq. (1) along the y direction, the one-dimensional Langevin equation of the particle is d"y dy qvac zfyzr+ 0 i 1 Ry(t) 2pnz" y cos(wtj=
where y=flm. ' We will suppose that R,(t) is a "Brownian force," R,(t) is zero mean white noise with covariance
where 2=2k,Tf, where k, is the Boltzmann constant and T is the temperature. We introduce y r = (m 012)~ and r= wtl2. 
Note that we have defined & with a negative sign, so that it becomes a positive quantity for a negatively charged particle. Fortunately, the distribution function for the random process yr(r) has been investigated using the Fokker-Planck formalism for analyzing the motion of a Brownian parametric oscillator.1 "'2 In what follows we will review the relevant features of this model and apply it in an attempt to understand our data. with our data for a broad range of @, . For &>lOO, the measured minimum standard deviation is limited by the optical resolution. In calculating the covariance matrix elements from Eq. (12) it is convenient to normalize D to 1. The resulting values for o-vr are converted to the physical standard deviation using q,FP=f \iyyy.
Equations (12) were numerically solved with initial conditions ~~,,,(0) = a,,(O) = o;,(O)=O. The solutions are found to be stationary for +l.
In Fig. 4 , we plot the calculated standard deviation CJ,,~ for various values of pY for a particle 3 ,um in radius at standard temperature and pressure N2.
As one can see, o-,,Fp oscillates with the same period as the drive potential. The amplitude of the variation increases with ,By. For &=171, the minimum in c~,~~,(LT~,~~)~~, is less than l/40 of the maximum value. In Fig. 3 , we compare the measured 9y with the calculation. As one can see the theory predicts the phases of both the maximum and minimum, and the amplitude of the variation. There is clearly a region in phase for which the positional noise makes no contribution to the standard deviation; the image clarity is limited in this region by the optical resolution. We term our method for obtaining this image "squeezed-imaging" because we take advantage of the distinct phase dependence of the positional variance in order to increase the image quality well beyond images taken under long-term continuous illumination.
The comparison in Fig. 3 indicates that most of the relevant physics is contained in Eqs. (1) and (9). Apparently memory effects do not play a major role in understanding the degree to which one can reduce the positional variance through the squeezed-imaging approach. Further evidence for this assertion can be seen by comparing both the minimum and average measured standard deviations with the Fokker-Planck results. Figure 5 shows the measured average and minimal standard deviations and the corresponding calculations from Fokker-Planck theory, ( c~,~)~ and (u~,~~)~,, , respectively. The theory is in good agreement
COMPARISON WITH PSEUDOPOTENTIAL APPROXIMATION
Although we have shown that we can understand the variation in positional uncertainty with phase by utilizing theory associated with the Brownian parametric oscillator, it is useful to compare our results with simple physical models which lead to analytical results. One of these approaches is the so-called pseudopotential approximation. ' In what follows we will describe this approach and establish the region over which it is applicable.
In a region in which the particle's displacement from the center of the ELT may be represented as having a slowly varying displacement R,(t) and a relatively small rapidly varying sinusoidal micromotion, one can show that the force on the particle averaged over a cycle of the micromotion may be approximated by3
where E,, is the amplitude of the ac field, the gradient is evaluated at RI,, and the positive function b(w) isI
Within the framework of this approach, the particle is pulled to the center by a pseudopotential U=q"b(w)& (i.e., (E),=-VU).
Since E& increases quadratically with position along the y axis [i.e., from Eq. (3), E,, y= V,a/2zi], U is parabolic [i.e., V=q2b(w)(E,,,)"=,hro)(qVI / 2~$)~y~], as if the particle were held by a spring. However, the force constant is clearly dependent on both drag and frequency. The dependence on drag can be quite large. For example, for a particle 6 pm in diameter, of unit density (cgsj, at 60 Hz, in N, near STP, the pseudopotential is lowered by a factor of 530 from its value in vacuum. If we utilize equipartition and put k,Tf2 of energy into the y degree of freedom, then the standard deviation found by equating the average value of the pseudopotential to kBT/2 is 1 8a2 4+a2
where a and $ are defined in Eqs. (7) and (T in Eq. (5). Our computer simulations indicate that Eq. (16) approximates the Fokker-Planck result to within 10% for &<c~J2. We have plotted c,,~, for our experimental parameters in Fig. 5 . As one can see, the pseudopotential approach is in good agreement with our time averaged measurements for small fl,, , but deviates widely as $ increases. The system is apparently too far from equilibrium for such an approach to be valid in this region.
BEYOND THE PSEUDOPOTENTIAL
Deterministic calculations show that no Mathieu-type instability occurs in our system until &-2000. Therefore at &-+ 100 it is unlikely that such instabilities play a major role in the huge swings which are seen in the positional variance. In the region in which &SCY and below a Mathieu in-. stability we are aided in understanding the motion by examining other components of the covariance matrix. The calculated covariance element a;, provides further evidence for a large nonequilibrium component in the motion in this region. Figure 6 (a) shows both (ryyj1'2 and (u,,)'~ in the large p,, region; &=171 and cr=45.4. On the scale shown rr,,"= 1 represents thermal equilibrium for one-dimensional motion. As one can see a unit value for cr,, is approached when the coordinate variance is small (i.e., near the origin), and also for a relatively small phase interval at the largest coordinate variance. At other phases a;, reaches values substantially larger than 1; the motion at these phases is clearly driven by the field and may best be described by, a deterministic approach.
The calculations in Fig. 6 (a) imply that a particle thermally kicked from the origin by a fraction of a radius has its motion amplified starting at +--r/2, just as the force field in the plane switches from radially inward to radially outward. The outward motion terminates at 4= f 7512, when the field begins to turn inward. The lack of an apparent phase shift implies that inertia is of little importance in the regime; most of the trajectory occurs at low Reynolds number (i.e., the driving force and velocity are approximately in phase). The particle is then pulled back toward the origin, however, in this low Reynolds number regime the particle can approach the origin but not overshoot. Near the origin the particle is kicked frequently, however, the resulting motion will only be parametrically amplified when the field reverses again at += -rJ2.
To test our theoretical picture we imaged a particle continuously for a period of 0.1 s for a=45.4 and /?,,= 171. The resulting image in Fig. 6(b) shows the glare spot tracing radial lines from a common origin. The number of lines of various lengths and directions is approximately the same as the number of oscillations of the field, consistent with our hypothesis. The particle clearly moves away from the origin and returns to the origin; it does not overshoot. This lack of overshoot, which is a characteristic of the low Reynolds number regime, keeps instabilities from building up and appears to be responsible for the small standard deviations which we have measured.
Based on the low Reynolds number hypothesis it is possible to estimate the squeezed-imaging efficiency,
In the low Reynolds number environment, to a first approximation, we can neglect the inertia term in Eq. Instead of solving this stochastic equation we suppose that at r==nr the particle is found at a position y t(n rr) where deterministic forces are overwhelming and carry the particle out and back. If we treat this motion deterministically, the position of the particle at dimensionless time 7=n. r+ @2 is yt(n?r++/2)=yt(nm)exp 2 sin(+) .
However, yi (nm) is expected to be random, so one can estimate the phase dependence of the standard deviation over a cycle by squaring both sides of Eq. (19), taking an ensemble average and a square root. The result is a,,(nrr+~/2)=ay,(n~)exp 2 sin(+) .
[ 1
The form of Eq. (20) is reminiscent of our data in Fig. 3 with a maximum at +=rrl2 and minima at -~12 and 3~12. The squeezed-imaging efficiency based on Eq. (20) gives further evidence that the low Reynolds number environment is responsible for the large squeezed-imaging effects which we have observed.
CONCLUSION
We have shown that long-term optical images which are essentially free of positional noise may be obtained on a Brownian particle in a Paul trap by accumulating strobed images at a phase at which the variance is minimum. Our results offer a new mean for performing high resolution optical microscopy, in which physico-chemical processes may be followed within an individual aerosol particle by imaging the particle in weak fluorescence or Raman scattering. Images previously obtained on considerably larger particles in fluorescence scattering have enabled us to determine the orientation of surfactant chromophores,20 the absorption spectrum of a bulk molecular impurity' and to elucidate the mechanism for microparticle enhanced energy transfer.13 With our new ability to obtain clear images at considerably smaller sizes it should be possible to use our modified aerosol particle microscope to view processes for which QED enhancements are thought to be prevalenL4
